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ABSTRACT: The porosity and specific surface of a porous media coated with an accumulating film is evaluated
geometrically to take account of limitations to film growth imposed by contact between particles and the film
as it develops around the particles. By representing the media with regularly packed spheres, and assuming a
uniform film thickness, equations are derived to allow the calculation of porosity and specific surface area as a
function of film thickness for each of the four possible regular packing arrangements for both thin and thick
films. It is shown that previous models begin to break down at a ratio 2Lt /dp of film thickness, Lt to particle
diameter, dp of 0.41 for a cubic packing, and 0.15 for an orthorhombic, tetragonal, or rhombohedral packing.
Thus, although the previous models may give acceptable results for thin films, such as those encountered in
wastewater engineering, they give erroneous porosities and specific surfaces when used to model the thicker
films that occur as landfill leachate collection systems clog. Using the new equations it is shown that the porosity
is reduced to 10% of its original value (and thus deemed clogged) for dimensionless film thicknesses 2Lt /dp of
0.39, 0.31, 0.20, and 0.18 for the cubic, orthorhombic, tetragonal, and rhombohedral packing arrangements,
respectively, using the corrected equations. The model is intended for use in estimating the clogging rate of
landfill leachate collection systems because of the buildup of thick biological and mineral films.
INTRODUCTION

A leachate collection system is required in most modern
engieered landfills to control the leachate head on the base of
the landfill and to collect most, if not all, of the leachate gen-
erated by the landfill. The design of leachate collection sys-
tems often involves a series of perforated pipes within a gran-
ular layer of sand, gravel, or crushed stone (Rowe et al.
1995b). With proper design and maintenance the pipes may
remain clean; however, over time there will be a buildup of
organic and inorganic ‘‘clog’’ material in the granular material
[e.g., see Brune et al. (1991), McBean et al. (1993), Rowe et
al. (1995a,b), Fleming et al. (1997), and Rowe (1998)]. This
buildup will cause a decrease in pore space available for flow
and a decrease in hydraulic conductivity until eventually the
hydraulic conductivity of the granular layer is no longer suf-
ficient to transport the leachate to the pipes without an increase
in driving force (head) and hence a leachate mound begins to
develop. In field exhumations of a leachate collection system
reported by Fleming et al. (1997) the stone drainage blanket
was found to contain significant quantities of soft black slime.
From samples taken at different locations, it was found that
after only 4 years exposure, there was a buildup of slime with
film thicknesses averaging greater than 3 mm on the 50-mm-
diameter clear stone. Tests performed on slightly disturbed
samples revealed that there had been a decrease in hydraulic
conductivity of at least three orders of magnitude relative to
an initial value.

Typically, the granular drainage material in leachate collec-
tion systems is intended to have a relatively uniform grading
curve although the material presently used ranges from sand
to crushed stone. Studies of clogged laboratory columns and
field exhumations [e.g., see Brune et al. (1991) and Rowe et
al. (1997b)] suggest that clogging involves growth of both
biofilm and related mineral precipitates that form the encrust-
ation material on the surface of the porous media. The system
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may be regarded as clogged when the pore space has been
occluded sufficiently that it can no longer transmit the leachate
without a buildup of leachate head above the design value.

Controlled laboratory tests reported by Rowe et al. (1998)
indicate that when the porosity of the porous media has
dropped to approximately 10% of its initial value the hydraulic
conductivity has dropped by about seven orders of magnitude
and the drainage layer may be regarded to have clogged. Thus
if one can predict the relationship between the buildup of film
on the porous media and the reduction in porosity it should
be possible to predict the time required for clogging. To do so
will require a model for predicting the growth rate of biolog-
ical and mineral matter within the leachate collection system
combined with a model of the physical system that allows
representation of the effects of the film growth in the pore
space on the porosity. Such a model, incorporating the findings
discussed in this paper, is outlined in Rowe et al. (1997a) and
Cooke et al. (1998) and demonstrated in Cooke (1997). As the
pore space is filled, changes in porosity and surface area will
occur. Changes in surface area also will be critical for mod-
eling slime growth in leachate collection systems because this
represents the surface area on which biological growth occurs.
Thus, to model these changes, it is desirable to have a geo-
metric model that can relate the change in porosity and specific
surface (surface area per unit volume) to the thickness of en-
crustation film (bacteria and solid mineral precipitates) on the
porous media. Taylor et al. (1990) developed one such model;
however, their model breaks down at thicknesses of the en-
crustation film below those of practical interest in studying the
clogging of leachate collection systems. Thus the objective of
this paper is to find a relationship between film thickness, po-
rosity, and specific surface that covers the full range of pos-
sible film thicknesses.

POROUS MEDIA REPRESENTATION

Barlow (1884) postulated that the analysis of the manner of
arranging solid units to form component aggregates is best
approached by dealing with the most ideal case, such as
spheres. The theories regarding the packing of uniform spheres
originated in part from interest in the porosity and permeability
of natural materials (Graton and Fraser 1935) and have been
applied to film growth on sand by Deb (1969) and Taylor et
al. (1990). Taylor et al. (1990) indicated that this ‘‘sphere
model’’ is most appropriate for unconsolidated media having
nearly uniform grain diameters. The porous media of leachate
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collection systems used in landfills in most cases approximates
this condition; however, to date, the approach has not been
applied to modeling these systems.

In this paper it is assumed that the structure of the porous
media can be simulated by spheres of equal diameter. Any
manner of arranging solid spheres in which each sphere is held
in place by gravity and supported by tangent contact with
neighboring spheres is considered its packing. It will be as-
sumed that the porous media can be represented by a regular
or geometrically systematic packing arrangement, where the
arrangement of the rows of spheres is repeated in both direc-
tions within a plane. The packing is unaffected by changes in
flow conditions and the filling of pore spaces by film growth.

Of particular interest in this paper is the change in porosity
n and specific surface As of a packed arrangement of spheres
assuming that a single film of uniform thickness Lt grows on
the surface of each sphere of diameter dp. These properties of
the media will be calculated geometrically based on film thick-
ness and without explicit consideration of the growth require-
ments of the bacteria. The growth considerations can be mod-
eled separately and are beyond the scope of the present paper.
As a film grows on each sphere, allowance must be made for
the fact that, near the contact points, there will be ‘‘overlap-
ping’’ of the film on adjacent spheres and one must avoid
double counting in assessing the actual porosity and surface
area. As will be seen, it is the limitation of the method of
accounting for this overlapping that results in the breakdown
of Taylor et al.’s (1990) model at large film thicknesses prior
to pore occlusion.

Assuming that the structure of the porous media is repre-
sented by stable, regular packing arrangements, it has been
found that only four such arrangements exist for spheres of
equal diameter (Graton and Fraser 1935). The four arrange-
ments are cubic, orthorhombic, tetragonal-sphenoidal, and
rhombohedral. These arrangements are named after the shape
of the three-dimensional, six-sided box formed by joining the
centers of eight spheres. This box is called the unit cell and
is the smallest portion of a stack of layers of spheres, which
completely represent the packing and distribution of voids
throughout the entire arrangement. The unit cell for each ar-
rangement may be described completely by illustrating the
three sides or faces of the cell as shown in Fig. 1. The shapes
of the faces are square, with a facial angle of 907; rhombic,
J

TABLE 1. Characteristics of Packing of Uniform Spheres

Packing
(1)

Number of
contact points

m
(2)

Volume
of unit

cell
(3)

Porosity, n
(%)
(4)

Packing
factor am

(5)

Cubic 6 3d p 47.64 1
Orthorhombic 8 33/2d pÏ 39.54 3/2Ï
Tetragonal-

sphenoidal 10 30.75d p 30.19 0.75
Rhombohedral 12 31/ 2d pÏ 25.95 1/ 2Ï

Note: dp = diameter of a sphere (Graton and Fraser 1935; Cadle 1965;
Taylor et al. 1990).

with a facial angle of 607; and the third face shape is neither
square nor rhombic and is called a special rhombic face, with
a facial angle of 757319.

For each packing arrangement the spheres have a unique
number of contact points with neighboring spheres m, and the
unit cell has a unique volume (Table 1). By summation of the
fractions of the spheres in the corners of the unit cell it can
be proven geometrically that each unit cell contains exactly
the volume of one solid sphere where dp is the di-3(0.52d p

ameter of the sphere) with the remainder of the volume of the
unit cell being pore space. The volume of the unit void space
thus can be found by subtracting the volume of one sphere
from the volume of the unit cell. The porosity of each packing
arrangement can be calculated by dividing the volume of the
unit void space by the volume of the unit cell. The porosities
are listed in Table 1. The packing factor am, a dimensionless
value characterizing the packing arrangement and a required
parameter for further calculations of porosity and specific sur-
face, is calculated by dividing the volume of the unit cell by

(Taylor 1990).3d p

In practical applications, if one can measure or estimate the
initial, clean media porosity of the granular media in a drain-
age layer or laboratory column then the packing arrangement
with the initial porosity closest to this value can be chosen to
represent the media. The initial specific surface the surfaceA ,S0

area provided by the porous media per unit volume (L21) when
clean, may be calculated from this initial porosity and the par-
ticle diameter, assuming the porous media is represented by
ideal spheres. The specific surface is critical as a measurement
FIG. 1. Four Stable, Regular Packing Arrangements Illustrated as Faces of Unit Cell (* Indicates Critical Force)
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of the surface area available for attachment by biofilm. The
initial specific surface is given by (Taylor et al. 1990)

6(1 2 n )0
A = (1)S0 dp

where dp = particle diameter; and n0 = initial, clean bead po-
rosity. The equations derived in this paper provide a correction
to existing equations from Taylor et al. (1990), which calculate
the porosity and specific surface of the film-coated media for
the four possible regular packing arrangements. When apply-
ing these results to real materials one can interpolate between
results for the two packing arrangements that give initial po-
rosities closest to the initial porosity of the real material.

EXISTING MODEL AND ITS LIMITATIONS

The equations of Taylor et al. (1990) for calculating porosity
and specific surface are derived by calculating the volume of
the unit cell, the volume of solids in the unit cell, and the
surface area of the solids. The volume of the unit cell is a
function of the packing factor and sphere diameter

3V = a d (2)m p

as listed for each packing arrangement in Table 1. With the
volume of the unit cell known, the calculation of porosity re-
quires calculation of the total volume of solids (sphere 1 film)
in the unit cell, whereas the calculation of the specific surface
requires calculation of the surface area of the film coating the
spheres in the unit cell. Because the packing arrangements are
geometrically systematic, the volume and surface area of the
eight quarter-hemispheres of spheres making up the unit cell
are equal to an entire single sphere of equal size.

The total volume of solids in the unit cell required for der-
ivation of the porosity equation by Taylor et al. (1990) is based
on a calculation by Deb (1969), which calculates the volume
of a solid sphere and its film coating taking contact points
between spheres into account

p p dp3 2V = (d 1 2L ) 2 m L 3 1 L 2 L (3)b p t t t tF S D G6 3 2

The first term on the right side of this equation is the total
volume of a solid sphere and film coating assuming uniform
coverage and the second term is the sum of the volumes of
each spherical cap of film where accumulation cannot occur
because of contact with neighboring spheres (as indicated by
the hatched area in Fig. 2) and which is therefore subtracted
from the total. Because the unit cell contains exactly the equiv-
alent of one sphere, (3) calculates the volume of solids in a
unit cell.

Within the spherical cap (Fig. 2) the film of the bottom
sphere overlaps with the film of the contacting sphere. The
spherical cap has a circular base centered at and tangent to the
contact point and a height equal to the film thickness Lt. The
line DB in Fig. 2 is the diameter of the circular base of the
cap. A spherical cap is a three-dimensional volume of film that
is subtracted from the total volume of sphere plus film and the
multiplier m in (3) represents the number of contact points for
a specific packing factor. The specific surface expression uti-
lizes a similar equation in which the total surface area of a
sphere covered by film is calculated and the surface area of
the spherical cap (excluding the base) at each contact point is
subtracted. It is the overlapping of these volumes as they in-
crease in size (due to film growth) that gives rise to the root
of the limitations of the equations by Taylor et al. (1990), as
shown next.

Utilizing the equation for total volume of a unit cell, [see
(2)] the volume of solids [see (3)], and an equation for cal-
culation of surface area within the unit cell [derived in a sim-
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FIG. 2. Spherical Cap (Hatched) Where Film Growth Cannot
Occur because of Contact with Adjacent Spheres (Lengths AB
and AD Illustrate Radius of Interface Circle at any Contact Point)

ilar manner as (3)], the following equations of Taylor et al.
(1990) were derived for use in calculating the variation of
porosity n and specific surface As with film thickness:

3 2
p 2 2 m 2L 4 2 m 2L 1 2L 1t t t

n = 1 2 1 1 1T F S D S D S D Ga 12 d 8 d 2 d 6m p p p

(4)

The equations calculate porosity and specific surface as a func-
tion of the nondimensional film thickness 2Lt /dp and account
for the packing arrangement using the packing factor am and
number

2
p 2 2 m 2L 4 2 m 2Lt t

A = 1 1 1 (5)s F S D S D GT a d 2 d 2 dm p p p

of contact points m. The porosity and specific surface calcu-
lated from these equations for normalized film thickness 2Lt /
dp are shown in Figs. 3 and 4. As can be seen from Fig. 3, (4)
results in a porosity decrease with increasing film thickness
until a minima is reached for a certain film thickness (that
depends on the packing arrangement) after which the equation
predicts porosities that increase with increasing film thickness.
This does not make physical sense. From physical reasoning,
it follows that there must be some film thickness at which the
pore space is filled completely and the porosity is equal to
zero. Because the porosities at each of the minima are greater
than zero it may be concluded that some error is inherent in
the assumptions or deviation of (4) and (5).

Fig. 4 shows a plot of the effect of film thickness on specific
surface for various packing arrangements. The specific surface
decreases with increasing film thickness until the specific sur-
faces become zero. Although the specific surface plots do not
9



FIG. 3. Variation of Porosity with Film Thickness Using Equations by Taylor et al. (1990) (Symbols Indicate Film Thickness at which
Model Breaks Down because of Occurrence of Volume Overlaps)

FIG. 4. Variation of Normalized Specific Surface Area with Film Thickness Using Equations by Taylor et al. (1990) (Symbols Indicate
Film Thickness at which Model Breaks Down because of Occurrence of Volume Overlap)
indicate obvious error, some error might be suspected because
of the similarities in the derivation of (4) and (5), as discussed
later. Fig. 4 illustrates that the specific surface becomes zero,
indicative of completely filled pores, whereas the porosity ex-
pression discounts completely filled pores.

In the plan view in Fig. 5 the hatched area indicates two of
the six spherical caps subtracted from each sphere’s total vol-
ume for cubic packing. Fig. 6 shows the same spheres after
further accumulation. The double-hatched area in this figure
reveals an overlapping of spherical caps. If (3) is used when
spherical caps have overlapped, the overlapped volume is sub-
tracted from the total solid volume for each cap, therefore
subtracting the same volume twice when it should be sub-
tracted only once. The simple volume calculation of Deb
(1969) [see (3)] used in the derivation of (4) for porosity there-
fore becomes inaccurate when the film thickness increases to
such an extent that the spherical caps overlap. However, this
is not the point at which all porosity is lost and there is a
practical interest in the solution beyond this point as noted in
the following paragraphs.
JO
Fig. 7 depicts the film thickness at the onset of overlap for
orthorhombic packing. On first inspection it may be assumed
mistakenly that because this overlap coincides with pore dis-
continuity of the face it is insignificant, but, as section SS9 in
Fig. 7 shows, the complete filling of all of the void space
occurs only after greater accumulation has occurred. The in-
accuracy of (3) for large thicknesses causes an underestimation
of the total volume of the film-covered sphere in all subse-
quent calculations. Similarly, an underestimation of surface
area occurs. To correct for the overlapping of volumes, the
volume and surface area of the overlapped space must be cal-
culated geometrically.

The limitations of (4) and (5) used by Taylor et al. (1990)
have not been generally recognized previously. Taylor et al.
(1990) noted that a breakdown of the theory did occur and
they attributed this to the filling of the narrow passageways
between the spheres and the isolation of enclosed pore space.
However, it is not that simple and it turns out that in studies
of columns involving uniform glass beads, flow can occur at
porosities less than that at which these geometric models break
URNAL OF ENVIRONMENTAL ENGINEERING / FEBRUARY 1999 / 129



FIG. 5. Film Thickness at Onset of Spherical Cap Overlap for
Cubic Packing

down [e.g., Rowe et al. (1997b)]. Thus it is important to un-
derstand the geometric complexity caused by overlapping of
film volume at contact points and to adjust the equations ap-
propriately.

In the case of the cubic and rhombohedral packing arrange-
ments, the film thickness at which pores become isolated is
equal to the film thickness at which film becomes overlapped.
With the other two packing arrangements, pore isolation (or
discontinuity) occurs after the first occurrence of film overlap
at the contact points. Therefore, it is true that for two of the
four packing arrangements the model breaks down at the film
thickness that the pore spaces become isolated, but it does not
break down because of this action, and in the other packing
arrangements it breaks down at smaller thicknesses than that
associated with pore discontinuity.

Because the model is geometric (and does not consider hy-
draulic conductivity) the question of whether pores are isolated
(although an important practical issue) has no bearing on the
breakdown of the solution. Also, if physical or practical ar-
guments are to be involved it must be recognized that the film
may have a much lower hydraulic conductivity than the orig-
inal porous media; it may have a secondary porosity (not ex-
plicitly considered here) and is not necessarily impermeable.
Thus leachate may still be able to reach ‘‘isolated’’ pores and
biological and chemical precipitates can potentially occur in
these pores after discontinuity of the primary pores. Thus
rather than discount the geometric problem on the basis of
potentially spurious physical arguments, an alternative ap-
proach is adopted here where the critical film thicknesses at
which overlap occurs is calculated and equations are derived
to account for this overlap, thereby providing a stable solution
up to complete pore occlusion.

In this paper, critical film thicknesses are thicknesses at
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FIG. 6. Film Thickness at Complete Occlusion of Cubic Pack-
ing (Double-Hatched Area in Plan View Indicates Overlap of
Spherical Caps)

which the geometrical basis of the porosity or specific surface
model must change or complete filling of the pore space (pore
occlusion) has occurred. The critical film thickness occurs
when (1) spherical caps first overlap; (2) spherical caps over-
lap at a different region at a greater thickness; (3) overlaps
overlap; and (4) there is pore occlusion. As the film thickness
increases on initially clean spheres, overlap will occur earliest
in the face with the most contact points, because as the number
of contact points in the face increases, the closer the spherical
caps are to each other and the thinner the film thickness re-
quired for volumes to overlap. The face with the most contact
points is the critical face (see Fig. 1 and imagine the packing
arrangement of each face repeating around a single sphere to
sum the contact points for each face). The critical face for the
cubic packing arrangement is the square face whereas the crit-
ical face for the other three packing arrangements is the rhom-
bic face.

As illustrated earlier for cubic packing in Figs. 2, 5, and 6,
the critical film thicknesses can be derived geometrically for
all four packing arrangements. The critical thicknesses of the
four packing arrangements is given in detail in Cooke (1997).
A summary of these critical film thicknesses is given in Table 2.

At thicknesses greater than 2Lt /dp = 0.4142 for cubic and
2Lt /dp = 0.1547 for the other packing arrangements the first
overlap occurs. For larger values of 2Lt /dp, the calculation of
the volume of a sphere covered with film is underestimated
by (3) and the surface area is underestimated similarly. Using
the methods of Taylor et al. (1990) the porosity is overesti-
mated and the specific surface underestimated. This point of
theoretical breakdown and thus beginning of inaccurate results
is shown as the ‘‘first occurrence of overlap’’ in Figs. 3 and
4 for each packing arrangement. By correcting for the over-



TABLE 2. Summary of Critical Film Thicknesses in Terms of
2Lt /dp

Packing
arrangement

name
(1)

Number of
contact
points

(2)

First
cap

overlaps
(3)

Second
cap

overlaps
(4)

Complex
overlaps

(5)

Complete
pore

occlusion
(6)

Cubic 6 0.4142 — 0.7320 0.7320
Orthorhombic 8 0.1547 0.4142 0.5275 0.5275
Tetragonal-

sphenoidal 10 0.1547 0.2247 0.2649 0.3228
Rhombohedral 12 0.1547 0.2247 0.2247 0.4142

FIG. 7. Film Thickness at Occurrence of First Overlap for Or-
thorhombic Packing (Hatched Area in Plan View Indicates
Spherical Cap at Two Contact Points)

estimated porosity it will be possible to bring the curves sen-
sibly to zero porosity (as must be possible for a geometric
system).

The geometric identification of the film thickness required
to reach complete pore occlusion also can be used to verify
that there is an error in the specific surface equation [see (5)]
because the thicknesses at which the equation calculates a spe-
cific surface of zero do not correspond to the geometrically
derived film thicknesses at pore occlusion.
JOU
CORRECTIVE MODELS REQUIRED

To obtain the porosity and specific surface for a given film
thickness greater than that at ‘‘first cap overlap,’’ it is neces-
sary to provide a correction to the solution of Taylor et al.
(1990). The corrective models and the corresponding film
thicknesses at which they are to be used are summarized in
Table 3 and discussed in the following paragraphs.

The first cap overlap of the cubic arrangement and the sec-
ond cap overlap of the orthorhombic arrangement result in
overlapped space with similar shapes. The cross section of the
center of this shape is depicted in Fig. 6 (plan) as the double-
hatched area. The model used to calculate the volume and
specific surface of this shape will be called the square model
because it occurs in the square face of the packing arrange-
ment. Focusing only on the shape of one overlap on one film-
coated sphere, it can be seen in Fig. 6 that the shape is a
section of sphere created by sectioning the film tangent to the
sphere at right angles. A three-dimensional depiction of this
shape is given in Fig. 8(a).

The first cap overlap of the orthorhombic, tetragonal-sphe-
noidal, and rhombohedral packing arrangements result in over-
lapped space that is similar in shape (the onset of this overlap
is shown in Fig. 7). The corrective model for calculating the
volume and specific surface area of this shape will be called
the rhombic model because it occurs in the rhombic face of
the sphere arrangement. It can be seen in the three-dimensional
drawing in Fig. 8(b) that this shape is similar to the square
model shape, except that the cutting planes intersect with an
inside angle of 1207 but still lie tangent to the contact points.

The tetragonal-sphenoidal packing arrangement has, in ad-
dition to the rhombic overlap corresponding to its rhombic
face, a special cap overlap corresponding to its special rhombic
face. This overlap occurs between the closer of the noncon-
tacting spheres in the special rhombic face (Fig. 1). The three-
dimensional depiction of the shape of this overlapped volume
is shown in Fig. 8(c) and is similar to the regular spherical
caps that occur at each contact point, except it occurs at a
distance from the surface of the sphere. The simple model
required to account for the volume and surface area of this
overlapped space is called the special cap model. The use of
the special cap model differs from the square and rhombic
models because, in contrast to these models, the volume and
surface area of the shape is to be subtracted from the total,
not added. This is because the overlap creating a special cap
is an overlap of actual film whereas the other overlap models
are for the overlap of contact point volumes, which is already
accounted for by the Deb (1969) equation.

Geometric complexity of the cubic and orthorhombic pack-
ing arrangements either did not occur or coincided with pore
occlusion; thus there was no need for a corrective model be-
yond that given in column 5 of Table 3. For the tetragonal-
sphenoidal and rhombohedral packing arrangements and film
thicknesses between those given in columns 6 and 8 of Table
3, a linear relationship may be employed for calculation within
the region of complexity to the known point of pore occlusion
(Cooke 1997).
TABLE 3. Corrective Models and Corresponding Film Thickness (2Lt /dp)

Packing
arrangement name

(1)

First cap
overlaps

(2)

Corrective
model

(3)

Second cap
overlaps

(4)

Corrective
model

(5)

Geometrically
complex overlaps

(6)

Corrective
model

(7)

Complete pore
occlusion

(8)

Cubic 0.4142 Square — — 0.7320 — 0.7320
Orthorhombic 0.1547 Rhombic 0.4142 Square 0.5275 — 0.5275
Tetragonal-sphenoidal 0.1547 Rhombic 0.2247 Special Cap 0.2649 Linear 0.3228
Rhombohedral 0.1547 Rhombic 0.2247 — 0.2247 Linear 0.4142
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FIG. 8. Overlap Shapes Used in Corrective Models (Shapes Depicted, Named According to Faces in which they Occur): (a) Square;
(b) Rhombic; (c) Special Rhombic Spherical Cap Overlap
DERIVATION OF SQUARE AND RHOMBIC MODEL
SOLUTIONS

To correct the porosity and specific surface equations, the
volume and surface area of the overlapped shape as a function
of film thickness, sphere size, and packing arrangement must
be derived. The overlap shape is depicted at the top of Fig. 9.
Note that in this figure the sphere of radius R is the shape of
the surface of the film coating an ideal sphere (not shown)
centered at the origin. Using symmetry about the x, z-plane,
half of the shape is defined as the portion of the sphere of
radius R formed by the intersection of the x, z-plane with a
plane intersecting the x, z-plane at y = 0, z = a, and interior
angle u. Because of symmetry about the x, z-plane the interior
angle u is half of the actual angle and the volume calculated
is half the actual volume. Control of the interior angle is re-
quired because for the square model the angle is 907 whereas
for the rhombic model the angle is 1207. This also would allow
for calculation of other shapes if required.

The dotted lines in Fig. 9 (top) show the projection of the
y > 0 side of the shape on the x, y-plane. This projection is
an ellipse on the plane; and thus, to calculate the limits of
integration, the equation of the ellipse must be derived. The
diagram in the middle of Fig. 9 illustrates the cross section at
the y, z-plane, the bounds for z, and the distance to the center
of the projected ellipse from the origin. From the two equa-
tions of z and knowing the location of the center of the ellipse,
the equation of the ellipse on the x, y-plane was obtained. This
allowed the calculation of the length of the major and minor
axes of the ellipse, shown at the bottom of Fig. 9, and required
for the limits of integration.

The integral of the volume was found to be
b by x

y2 2 2V(a, u, R) = 4 R 2 x 2 y 2 2 a dx dy (6)ÏE E tan u0 0

where the limits are

2 2 2 2b = sin u(R 2 a sin u) 2 a sin u cos u (7a)Ïy

2y 1 a sin u cos u2 2 2b = R 2 a sin u 2 (7b)Îx S Dsin u

and the integral of the surface area is
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FIG. 9. Shapes for Volume and Service Area Integration
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S(a, u, R)
b by x 2 2x y

= 4 1 1 1 dx dyE E Î 2 2 2 2 2 2R 2 x 2 y R 2 x 2 y0 0 (8)

where limits bx and by = same as for the volume; a = distance
from the center of the sphere to the intersection of the cut with
the x, z-plane; and R = radius of the sphere.

The integrals of (6) and (8) were evaluated numerically. For
a particular model solution, because u is constant, the volume
or surface area of the overlap shape depends only on radial
lengths a and R. If the volume is normalized with respect to
R3, one function will describe the normalized volume as it
varies with a/R for all required values of a and R. Similarly,
the surface area can be normalized with respect to R2 and
evaluated as a function of a/R.

The required values of a/R lie between the film thickness
at which the overlap begins and the film thickness at complete
pore occlusion. These thicknesses, in terms of the nondimen-
sional film thickness 2Lt /dp, are given in Table 2. The required
range of 2Lt /dp for the square model is

2Lt2 2 1 < < 3 2 1 (9)Ï Ï
dp

whereas for the rhombic model the range is

2 2L 7t
2 1 < < 2 1 (10)Î3 d 3pÏ

Geometrically, it can be shown that R and a for the integration
in terms of 2Lt /dp are

d d 2Lp p t
R = 1 L = 1 1 (11)t S D2 2 dp

and

dp
a = for the square model (12a)

2Ï

dp
a = for the rhombic model (12b)

3Ï

Therefore the ratio a/R in terms of 2Lt /dp is

a 2
= for the square model (13a)

R 2Lt2 1 1Ï S Ddp

a 2
= for the rhombic model (13b)

R 2Lt3 1 1Ï S Ddp

and the required range of the square model is

2 a a
2 1 < < 1 or 0.8165 < < 1 (14a)Î3 R R

whereas the required range of the rhombic model is

2 a a
2 1 < < 1 or 0.7559 < < 1 (14b)

R R7Ï

To obtain a closed-form expression for the volume correc-
tion Vol for the square model (u = p/4) and rhombic model
(u = p/3), a fourth-order polynomial was fit to the results
obtained by numerical integration of (6) yielding (15), with
coefficients bi (i = 0, 1, 2, 3, and 4) given in Fig. 10

2 3 4
a a a a3Vol = R b 1 b 1 b 1 b 1 b (15)0 1 2 3 4S S D S D S D DR R R R
JO
FIG. 10. Normalized Volume of Overlap as Function of a /R for
Square and Rhombic Corrective Models

The results obtained from the numerical analysis for the sur-
face area correction S are shown in Fig. 11 and the corre-
sponding fourth-order polynomial is given by (16) with co-
efficients ci (i = 0, 1, 2, 3, and 4) given in Fig. 11

2 3 4
a a a a2S = R c 1 c 1 c 1 c 1 c (16)0 1 2 3 4S S D S D S D DR R R R

The final equations for correcting the volume and specific sur-
face equations for the two models were obtained by combining
(15) and (16) with (13) and by division by the cell volume

3a d .m p

In the following corrective equations the normalized thick-
ness of sphere plus film (dp 1 2Lt)/dp is represented by j:

2Lt
j = 1 1 (17)S Ddp

The square model correction equation for each overlap for
porosity is

1 3 2 21V = [20.4917j 1 7.074j 2 23.59j 1 29.85 2 13.06j ]S 8am

(18)

and the square model correction equation for each overlap for
specific surface is

1 2 21 22S = [50.31j 2 311.2j 1 741.9 2 799.4j 1 325.7j ]S 4a dm p

(19)

The rhombic model correction equation for each overlap for
porosity is

1 3 2 21V = [0.01516j 1 4.732j 2 15.78j 1 17.42 2 6.382j ]R 8am

(20)
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FIG. 11. Normalized Surface Area of Overlap as Function of a /R
for Square and Rhombic Correction Models

and the rhombic model correction equation for specific surface
is

1 2 21 22S = [36.74j 2 229.3j 1 568.0 2 644.2j 1 276.7j ]R 4a dm p

(21)

It should be noted that VS and VR are not volumes but dimen-
sionless terms (one overlap volume correction divided by unit
cell volume). The SS and SR are corrections to the specific
surface with dimension (L21).

DERIVATION OF SPECIAL CAP MODEL SOLUTION

As discussed earlier, the special cap model accounts for a
spherical cap set at a distance from the sphere. From simple
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geometric considerations (Cooke 1997), the dimensionless po-
rosity correction VSC is given by

2
p 3 3

V = j 2 2j 1 (22)SC S Î D S Î D24a 2 2m

and the correction for specific surface is given by

p 3
S = j j 2 (23)SC S Î D2a d 2m p

where j is defined by (20).

DERIVATION OF FINAL CORRECTED EQUATIONS

Base Equations

For all four packing arrangements the underlying porosity
equation (Taylor 1990) is given by (4) and underlying specific
surface equation is given by (5), where the calculated maxi-
mum film thickness for which these equations may be applied
is

2L 2Lt t< 0.4142 if m = 6; < 0.1547 if m = 8, 10, 12
d dp p

(24)

and where nT = porosity and = specific surface for thisAs,T

range of film thicknesses using the equations from Taylor et
al. (1990), am = packing factor; m = number of contact points;
Lt = total thickness of film presumed to be impermeable; and
dp = average stone diameter. The packing arrangement corre-
sponding to each m value is listed in column 2 of Table 3.

Corrected Equations

The corrected equations for cubic (m = 6), orthorhombic (m
= 8), tetragonal-sphenoidal (m = 10), and rhombohedral (m =
12) packing are summarized in Table 4 for the full range of
possible film thicknesses. The variation in porosity and spe-
cific surface obtained from these equations are plotted in Figs.
12 and 13, respectively. Symbols on the curves show when
the equations change due to a change in geometric conditions
as the film grows. As can be seen in Fig. 12, the equations of
porosity for all packing arrangements are well behaved and
tend to the geometrically correct limits. As can be seen in Fig.
13, the equations of normalized specific surface for the cubic
and orthorhombic packing arrangements also are well behaved
and tend to be geometrically correct limits.

The equations for normalized specific surface for the tetrag-
onal-sphenoidal and rhombohedral packing arrangements give
rise to discontinuities in the slope of the plot of specific surface
TABLE 4. Porosity and Specific Surface Equation Summary

Packing
(m)
(1)

Film Thickness
(2Lt /dp)

Lower bound
(2)

Upper bound
(3)

Porosity equation
(4)

Specific surface equation
(5)

Cubic (6) 0
0.4142

0.4142
0.7320

n = nT

n = nT 2 12VS

As = As,T

As = 1 12SSAs,T

Orthorhombic (8) 0
0.1547
0.4142

0.1547
0.4142
0.5275

n = nT

n = nT 2 6VR

n = nT 2 6VR 2 12VS

As = As,T

As = 1 6SRAs,T

As = 1 6SR 1 12SSAs,T

Tetragonal-sphenoidal (10) 0
0.1547
0.2247
0.2649

0.1547
0.2247
0.2649
0.3228

n = nT

n = nT 2 12VR

n = nT 2 12VR 1 4VSC

n = .009057 2 .02805(2Lt /dp)

As = As,T

As = 1 12SRAs,T

As = 1 12SR 2 4SSCAs,T

As = (1/dp)(1.343 2 4.160(2Lt /dp))
Rhombohedral (12) 0

0.1547
0.2247

0.1547
0.2247
0.4142

n = nT

n = nT 2 18VR

n = .03346 2 .08077(2Lt /dp)

As = As,T

As = 1 24SRAs,T

As = (1/dp)(.2746 2 .6631(2Lt /dp))

Note: Where source equation numbers are (in brackets) nT(4), VS(18), SS(19), VR(20), SR(21), VSC(22), and SSC(23).A (5),s,T
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FIG. 12. Corrected Variation of Porosity with Film Thickness (Symbols Indicate Beginning of Corrective Models and Curve Termination)

FIG. 13. Corrected Variation of Normalized Specific Surface with Film Thickness (Symbols Indicate Beginning of Corrective Models
and Curve Termination)
with increasing film thickness as they approach pore occlusion.
In the case of tetragonal-sphenoidal packing, at a film thick-
ness of 2Lt /dp = 0.2247 a discontinuity in slope, indicated by
a symbol in Fig. 13, occurs as the critical thickness is reached
at which the special cap model begins. This is caused by the
subsequent rapid decrease in normalized specific surface after
this critical thickness is reached. Additionally, the equations
for the tetragonal-sphenoidal and rhombohedral packing ap-
pear to have discontinuities in slope at 2Lt /dp = 0.2649 and
0.2247, respectively.

Also, it should be noted that for most open, granular leach-
ate collection system material, the clean stone porosity will
correspond to the more open packing arrangements such as
the cubic (n = 47.64%) and orthorhombic (n = 39.54%) and
as a lower bound the tetragonal-sphenoidal (n = 30.19%) ar-
rangement, whereas the rhombohedral (n = 25.95%) arrange-
ment is less likely.

MODEL APPLICATION

The corrected equations have been applied successfully to
column experiments conducted using synthetic leachate in
JO
work by Cooke (1997). In this study the equations were in-
corporated into a model simulating biofilm and mineral growth
with time and location along a column. As input the model
required the initial, clean media porosity and average particle
diameter. The clean bead porosity could be used to interpolate
between the known curves for the four packing arrangements
in order to define the porosity and specific surface functions
for the specific case. The media used in the columns was
spherical glass beads and so were ideal for modeling using the
equations described here. The porosity of the columns was
measured by draining. Both the removal of volatile fatty acids
from the influent by the bacteria (which required calculation
of the media specific surface) and the changes in measured
porosity along the column were well predicted by the model.
Film thicknesses great enough to require the corrective equa-
tions existed and occurred nearest to the influent end of the
column. Column studies by Rowe et al. (1998) have shown
that the clogging of porous media occurs when the porosity is
reduced to approximately 10% of the original, clean media
porosity. Inspection of Fig. 12 shows that a reduction in po-
rosity to 10% of the original corresponds to dimensionless film
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thicknesses (in term of 2Lt /dp) of 0.39, 0.31, 0.20, and 0.18
for the cubic, orthorhombic, tetragonal-sphenoidal, and rhom-
bohedral packing arrangements, respectively. The latter three
values occur along the corrected portions of the porosity model
and could not have been calculated accurately based on the
previous model.

CONCLUSIONS

The porosity and specific surface area of a porous media
after the accumulation of a known thickness of film may be
calculated using equations based on a model in which the me-
dia is represented by regularly packed spheres of equal di-
ameter. The porosity and specific surface model is based on
the work of Taylor et al. (1990); however, Taylor’s equations
gave erroneous porosities and specific surfaces above a film
thickness that has been identified. For some packing arrange-
ments this resulted in a significant error and led to results that
were physically unreasonable for thick films. Thus, although
these equations may be useful for problems where the film is
thin (e.g., some wastewater-treatment applications) they are
not valid for thick films that develop during the process of
clogging of leachate collection systems. It was found that the
errors in the equations were caused by the double counting of
overlapping volumes and surface areas. In this paper, equa-
tions have been derived that correct for this error and allow
the calculation of porosity and specific surface area as a func-
tion of film thickness for both thin and thick films for four
packing arrangements. This geometric model provides a basis
for development of a clogging model that simulated the growth
of the biotic and mineral films (Rowe et al. 1997a; Cooke
et al. 1998).
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APPENDIX II. NOTATION

The following symbols are used in this paper:

As = specific surface of porous media (L21);
As0

= initial, clean media specific surface (L21);
As,T = specific surface calculated using Taylor et al. (1990)

(L21);
a = radial distance to overlap (L);

bx, by = integral limits (L);
dp = diameter of porous media particle, stone, or sphere (L);
Lt = total film thickness (L);
m = number of contact points;
n = porosity;

n0 = initial, clean media porosity;
nT = porosity calculated using Taylor et al. (1990);
R = radius of sphere plus film (L);
S = surface area correction (L2);

SR = dimensionless rhombic model specific surface correc-
tion;

SS = dimensionless square model specific surface correction;
SSC = dimensionless special cap model specific surface solu-

tion;
V = volume of unit cell (L3);

Vb = total volume (sphere 1 film) considering contact points
(L3);

Vol = volume correction (L3);
VR = dimensionless rhombic model porosity correction;
VS = dimensionless square model porosity correction;

VSC = dimensionless special cap model porosity solution;
am = packing factor;
u = interior angle of the overlap shape; and
j = normalized film thickness (j = 1 1 2Lt /dp).
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